We model the electron transport current as the photon energy is swept through several resonances of a multi-level quantum dot, embedded in a short quantum wire, coupled to photon cavity. We use a Markovian quantum master equation appropriate for the long-time evolution and include the electron-electron and both the para-and the diamagnetic electron-photon interactions via diagonalization in a truncated many-body Fock space. Tuning the photon energy, several anti-crossings caused by Rabi-splitting in the energy spectrum of the quantum dot system are found. The strength of the Rabi-splittings and the photon-exchange between the resonant states depend on the polarization of the cavity photon field. We observe oscillations of the charge in the system and several resonant transport current peaks for the photon energies corresponding to the resonances in the steady-state regime.
I. INTRODUCTION
Quantum dot (QD) is a small island that can be connected to electron reservoirs via a tunneling region for the sake of studying electron transport [1] . The properties of electron transport through the energy levels of a QD are determined by the bias voltage of the electron reservoirs and the potential profile of the coupling region or tunneling region. The energy required for making transport from the electron reservoirs to the QD is determined by a single electron quantization and the Coulomb interaction [2] . Therefore, the Coulomb interaction plays an important role in the electron transport through a QD in which the maximum resistance can be observed in the presence of an electron-electron interaction bringing forward the Coulomb blockade regime [3, 4] .
The electron transport through the Coulomb blockade QD can be enhanced when the QD is coupled to a microwave radiation [5] . The transport properties of a QD coupled to a microwave radiation are interesting because of the coexistence role of the electron and the photon [6] . In addition, the QD provides a perfect mechanism for the interplay of discrete quantum states with the photon [7] . Therefore, the QD embedded in a photon cavity has been found to be one of the fascinating physical sys-In addition, several quantum confined geometries to characterize the influence of photons on the features of electron transport have been studied. For example, a quantum wire for exploring the electron population inversion [11] , a quantum ring-dot for investigating quantum charge pumping [12] , and a quantum point contact including photon-induced intersubband transitions [13] . In double quantum dots coupled to electromagnetic irradiation, spin-filtering effect [14] and two types of photoncontrolled electron transport related to the ground state and excited state resonances [15] are shown.
Another aspect of quantum response for investigating transition of electrons between energy levels of a quantum dot under the photon field is the thermal broadening of the Fermi level in the electron reservoir and the broadening of the confined QD levels [16] . In order to study the quantum features of a resonance energy level under the photon field, the energy spacing of a quantum system should be greater than the thermal energy ∆E ≫ κ B T . Therefore, the impact of intraband excitation can be seen and the intraband transition can efficiently influence electron transport [17] [18] [19] . This process has been observed experimentally [20] and theoretically [21] in QD coupled to microwave radiation which in turns can be used in fluorescence applications [22] . The intraband transitions and the effects of resonance energy levels of a two level system coupled to quantized photon field have been used to describe several aspects of the interaction between light and matter in solid-state electronic nanodevices [23] with quantum-optical spectroscopy [24] .
In our previous works, we studied time-dependent photon-assisted electron transport through a single [25] and double-quantum dots [26, 27] where both electronic systems are coupled to photons in the cavity. It was shown that the photon replica states are formed in the presence of the photon field and these replicas states in both resonant and off-resonant regimes can have a big role in electronic [28] and thermal [29, 30] transport. In this paper, we investigate the properties of resonant current generated due to multi-resonant states between the multi-levels QD system and the photons in the cavity. The steady-state resonant current is investigated using a Markovian-quantum master equation here. We show that several resonant states can be observed enhancing the electron transport. The influence of the photon polarization in a three-dimensional cavity is demonstrated.
The outline of the paper is as follows. We describe the model system and transport formalism in Sec. II. Results are discussed for the model in Sec. III. Finally, we draw our conclusion in Sec. IV.
II. HAMILTONIAN, TRANSPORT FORMALISM, AND OBSERVABLES
We consider a quantum dot with diameter d ≃ 66.6 nm embedded in a short quantum wire with length L x = 150 nm in the xy-plane as is shown in Fig. 1 . The QD system is coupled to two electron reservoirs or leads from both ends assuming the chemical potential of the left lead µ L is higher than that of the right lead µ R . As a result, electrons flow from the left lead to the right lead through the QD system due to the bias voltage eV bias = µ L − µ R . The total system, the QD system and the leads, are made of GaAs material. 
A. Hamiltonian of the QD-Cavity system
The total Hamiltonian of the QD system coupled to the cavity can be written as
The first line of Eq. (1) displays the QD system without the Coulomb interaction, where |ψ n is a single-electron state (SES), m * is the electron effective mass, e is the electron charge and d † n and d n ′ are the creation and annihilation operators of the electron, respectively. Furthermore, π e = p+ e c A B , where p is the momentum operator, A B is the magnetic vector potential A B = (0, −By, 0) causing an external constant magnetic field, and A γ is the photon vector potential, that can be defined as
herein, Aγ is the amplitude of the quantized photons in the cavity, andê is the unit vector that determines the direction of the photon polarization either parallel (e x ) in a TE 011 mode or perpendicular (e y ) in a TE 101 mode to the transport direction. The electron-photon coupling strength is determined by g γ = eAγΩ w a w /c, where Ω w the electron effective confinement frequency, and a w is the effective magnetic length [32, 33] . The QD potential is defined as
where V 0 determines the depth of the QD, and γ x and γ y define the diameter of the QD. V g is the gate voltage that moves the energy levels of the QD system with respect to the chemical potential of the leads. In the second line of Eq. (1), H Z = ±g * µ B B/2 is the Zeeman Hamiltonian introducing the interaction between the magnetic moment of an electron and the external magnetic field (B), with µ B the Bohr magneton and g * = −0.44 the effective g-factor for GaAs. H C is the electronelectron interaction Hamiltonian
where (V C ) nn ′ ,m ′ m are the Coulomb matrix elements in the SES basis [31] , and
refers to the free photon field where ω γ is the photon energy, and a † (a) is the photon creation (annihilation) operator, respectively. Here we assume the photon wavelength to be much larger than the size of the short quantum wire with the embedded dot.
B. Transport formalism and observables
To calculate the evolution of the electrons through the QD system in the steady-state regime, we use a nonMarkovian master equation with a kernel evaluated up to second order in the QD system-lead coupling [34] . The density operator used in this formalism is uncorrelated before the time of coupling, t 0 . Therefore, the total density operator up to the time of coupling is the tensor productρ
whereρ S (t 0 ) is initial value of the density operator of the QD system, andρ l (t 0 ) is the density operators of the (l) lead with l expressing the left (L) and the right (R) lead. Once the QD system and the leads are coupled, the density operators become correlated. Here, we consider projection operators that maps the total Liouville operator onto the relevant part of the system P = ρ l Tr l . The reduced density operator is then found by taking the trace over the Fock space of the electron reservoirs using
where the reduced density operator express the state of the electrons in the QD system under the effect of the leads. Using the projection formalism of Nakajima and Zwanzig [35, 36] , one may get the reduced density operator that demonstrates the transport properties of the QD system in the steady-state as [34, 37] 
The operators Λ L and Λ R describe the "dissipation" processes caused by both electron reservoirs or leads,κ is the photon decay constant, andn R is the mean photon number of the photon reservoir. The second and the third lines in Eq. 8 embody the photon dissipation of the cavity. α † (α) represent the operator in the non-interacting photon number basis, a † (a), transformed to the interacting electron photon basis using the rotating wave approximation [38] [39] [40] [41] . We have taken care in deriving the damping terms in Eq. 8 when they are transformed from the basis of non-interacting photons to the basis of interacting electrons and photons (the eigenstates of H S (1)). In the Schrödinger picture, this can be done by neglecting all high frequency creation terms in the transformed annihilation operators, and all high frequency annihilation terms in the transformed creation operators. This guarantees that the open system will evolve into the correct physical steady state with respect to the photon decay [38-40, 42, 43] .
From the reduced density operator, the physical observables can be calculated. For instance, the current from the left lead into the QD system, I L , and the current from it into the right lead, I R , can be defined as
Herein, Q = −e i d † i d i is the charge operator of the QD system. In order to enhance the accuracy of the results we use a step wise numerical diagonalization and truncation of large many-body Fock spaces [34] . At the end of that procedure the Markovian master equation is solved in a Liouville space constructed from the fully interacting many-body Fock space including all interactions accounted for in the closed system.
III. RESULTS
In this section, we show the results of our calculation for a QD system coupled to the photon cavity. The total system, the QD system and the leads, are exposed to a weak external magnetic field B = 0.1 T, implying the effective magnetic length to be a w = 23.8 nm. The role of this magnetic field is to lift the spin degeneracy by a small Zeeman splitting, to avoid numerical difficulties. The bias window is fixed by setting µ L = 1.65 meV, and µ L = 1.55 meV located between the first and second bands of the leads. The gate voltage that moves and positions the energy levels of the QD system with respect the leads is fixed at 0.651 meV. In addition the temperature of the leads is constant (T l = 0.5 K). The effective confinement energy is Ω w = Ω 2 0 + ω 2 c 1/2 , where Ω 0 = 2.0 meV is the electron confinement energy, and ω c = 0.172 meV is the cyclotron energy at a given external magnetic field. Furthermore, the electron-photon coupling strength is fixed at g γ = 0.1 meV.
A. x-polarized photon field First, we consider the photon field being parallel to the direction of electron transport, i.e., the x-direction. Figure 2 presents the many-body (MB) energy spectrum versus the photon energy for the QD system coupled to a cavity with an x-polarized photon field. 0ES (blue squares) represent zero-electron states, 1ES (red circles) the one-electron states, and 2ES (brown triangles) the two-electron states. The labels 0, 1γ0, and 2γ0 refer to the ground-state, first and second photon replica of the ground-state, respectively, while 1 st and 1γ1 st are the first-excited state and the first photon replica of firstexcited states, respectively. By a photon replica we mean a many-body electron-photon state with a number of photons (which is not conserved) close to integers. Other labels such as 2 nd , 3 rd , 4 th , 5 th , and 6 th represent the second-, third-, fourth-, fifth-, and sixth-excited states, respectively. We note that each state here includes the Zeeman spin-down and the spin-up states that are split due to the small external magnetic field.
Tuning the photon energy several anti-crossings in the energy spectrum are observed, such as an anti-crossing between 1
st and 1γ0 at ω γ = 1.7 meV; between 2 nd and 1γ0 at ω γ = 2.7 meV; between 3 rd and 1γ0 at ω γ = 3.0 meV; between 2γ0 and 3 rd at ω γ = 1.5 meV; and between 1γ1 st and 6 th at ω γ = 3.4 meV. Several further anti-crossings in the energy spectrum can be found for the higher lying energy states.
Some of the anti-crossings are Rabi-splittings identifiable by the photon-exchange between the two anticrossing states. To find the Rabi-splitting states, Fig. 3 is presented, where the photon content or the mean number of photons of some of the lowest and anti-crossing states in the case of an x-polarized photon field are displayed. The vertical lines are the positions in which the main photon-exchange between states occurs. We start with the photon energy ω γ = 1.5 meV. A photon-exchange of multiple states is observed as follows: First: the photonexchange between 3 rd (dark blue) and 2γ0 (brown) (2γ0- rd ). Second, 5 th (magneta) with 2γ1 st (not shown). At the photon energy 1.7 meV, again a photon-exchange of multiple states is seen such as the photon-exchange between 1 st (light blue) and 1γ0 (green) (1γ0-1 st ), and between 1γ1 st (red) and 2γ0 (brown). Another photon-exchange between 2 nd (dark red) and 1γ0 (green) (1γ0-2 nd ) at photon energy 2.7 meV. Last, at the photon energy 3.4 meV the photon-exchange between 1γ1 st (red) and 6 th (gray) (1γ1 st -6 th ) on one hand, and 2γ0 (brown) with ninth state (now shown) on the other hand happen. As the Rabi-splitting between two specific states becomes larger the photon-exchange between these two states is enhanced as well. For example, the Rabisplitting between 1γ0 and 1 st at photon energy 1.7 meV is larger than the splitting between 1γ0 and 2 nd at photon energy 2.7 meV. Therefore the photon-exchange at photon energy 1.7 meV is larger. We should mention that the mean photon number presented here is the photon number of the Zeeman spin-down which is exactly the same as spin-up (not shown).
To investigate the transport properties of the selected states demonstrated in Fig. 3 , the partial occupation is presented in Fig. 4 for Zeeman spin-down (a), and spinup component (b) in the steady-state. At the "low" photon energy (1.0 meV) the 0, 1γ0, and 2γ0 are occupied for both spin components.
Around the photon energy 1.7 meV corresponding to the photon-exchange of (1γ0-1 st ) (see Fig. 3 ), the occupation of 1γ0 (green) is decreasing to zero and the occupation of 1 st (light blue) is increased. The reason of charging and discharging of these two states here is caused by the Rabi-splitting effect between them. Tun- ing the photon energy to higher value, the 1γ0 acquires again a charge while the 1 st discharges. At the photon energy 2.7 meV, the occupation of 2 nd (dark red) is increased while the occupation of 1γ0 (green) is again decreased which confirms the resonance between these two states. The same story is also true for the last resonant line at photon energy 3.4 meV when the occupation of the 6 th is slightly enhanced. For further investigation of the system, the partial current of the lowest states as a function of photon energy is shown in Fig. 5(a) for the QD system with spin-down. It is observed that the current is maximum around or at the Rabi-resonant states of 1γ0-1 st , 1γ0-2 nd , and 1γ1 st -6 th . The current here is generated due to the bias window, i.e., the location of the bias window tells us which energy states should be responsible to the current transport. The most active states contributing to the current transport are the 1 st and 1γ1 st because the 1 st is located in the bias window. As a result, the photon replicas such as 1γ1 st actively participate in the current transport. We note that the partial current for the spin-up is qualitatively similar to the spin-down current, but smaller. In 5 (b) the current, including both spin components, from the left lead to the QD-system (I L ), for the case of an x-polarized photon field (purple squares) is shown. The currents here confirm that the most active state in the transport is the 1 st and it's photon replica states. We notice that the Rabi-resonant states increase the current in the system, which in turn enhance the efficiency of the system.
B. y-polarized photon field
We now assume the photon field is perpendicular to the direction of the electron transport, i.e., y-direction. The energy spectrum of the QD system coupled to the cavity in the y-polarized photon is shown in Fig. 6 .
Comparing to the energy spectrum in the case of an xpolarization presented in Fig. 2 , the anti-crossing energy gap between 1γ0 and 1 st at photon energy 1.7 meV is much smaller, while the anti-crossing energy gap between 
1γ0 and 2
nd at photon energy 2.7 meV is larger here. This is related to the geometry of charge distribution of the states which is more polarized in the x-direction [25, 26] . In addition, the anti-crossing energy gap between 4 th and 1γ1 st at the photon energy 2.4 meV is larger here compared to the x-polarized photon field.
Since the anti-crossing at the photon energy 1.7 meV is small in the y-polarization, the photon-exchange between the 1γ0 (green) and the 1 st (light blue) is weak as is shown in Fig. 7 . But the anti-crossing at the photon energy 2.7 meV is large here, the photon-exchange between 1γ0 (green) and the 2 nd (dark red) is thus enhanced. The photon-exchange between the multiple states in the range of photon energy [1.0 − 1.6] meV is not seen here, while very active photon-exchange between the states in the same range of photon energy were observed in the x-polarized photon field. In addition, the rate of photonexchange between 4 th (black) and 1γ1 st (red) at the photon energy 2.4 meV, and 6 th (gray) and 2γ0 (brown) at the photon energy 2.5 meV are enhanced which confirm a stronger resonance between these states comparing to the x-polarization. st (light blue) is charging. The occupation of both states is slightly suppressed compared to what is in the x-polarized photon field. This is due to the small Rabi-splitting and low photon-exchange between these two states here. At the other two resonant energies with photon energy 2.7 and 3.4 meV, the 1γ0 is discharging and the 1 st is occupied indicating that the resonance between 1γ0 and 2 nd at 2.7 meV and the resonance between 1γ1 st and 6 th do not play an important role in the transport for the y-polarized photon field.
The most active state in the current transport in the case of y-polarization is again the 1 st (light blue) and it's first photon replica state 1γ1 st (red) as is shown in Fig. 9(a) for spin-down component. The current here is maximum at exactly the "main" resonant energies. The characteristic of partial current for the spin-up is very similar to the current of the spin-down but it is slightly smaller.
In Fig. 9 (b) the current, including both spin components, from the left lead to the QD-system (I L ), of the system in the case of y-polarization (purple squares) is demonstrated. The characteristic of the total current here is qualitatively the same as the current for spindown and the peaks are found at the resonance energy states. The current here indicates that the most active state in the transport is the 1 st and it's photon replica states. 
IV. CONCLUSION
In this work, we have studied charge and transport current carried by multiple resonant energy states through a multi-level QD system coupled to a photon cavity. The charge and current display oscillatory behavior with the underlying resonances in the many-body energy spectrum. It is shown that the photon polarization plays an important role in the transport. When the photon field is polarized in the same direction as the electron motion through the QD system (x-direction), more resonance states are observed. This is caused by the geometry of charge distribution in the QD system that is more polarizable in the x-direction, or in other terms the fact that the quantum wire is parabolically confined in the y-direction with a characteristic energy Ω 0 = 2.0 meV, but flat in the x-direction except for the lone embedded quantum dot.
In addition, at the resonances the current attains maxima, which in turn shows increased efficiency of transport for the QD system when it is in resonance with the 
